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reserved.1. Introduction
The study of laminar ﬂow and heat transfer over a stretching
sheet in a viscous ﬂuid is of considerable interest because of
its ever increasing industrial applications and important bear-
ings on several technological processes. The production of
sheeting material arises in a number of industrial manufactur-
ing processes and includes both metal and polymer sheets.
Crane [1] investigated the ﬂow caused by the stretching of a2530452.
o.in
lty of Engineering, Alexandria
g, Alexandria University. Produc
03sheet. Many researchers such as Gupta and Gupta [2], Dutta
et al. [3], Chen and Char [4], Andersson [5] extended the work
of Crane [1] by including the effect of heat and mass transfer
analysis under different physical situations. On the other hand,
Gupta and Gupta [2] stressed that realistically, stretching sur-
face is not necessarily continuous. Most of the available liter-
ature deals with the study of boundary layer ﬂow over a
stretching surface where the velocity of the stretching surface
is assumed linearly proportional to the distance from the ﬁxed
origin. However, it is often argued that (Gupta and Gupta [2])
realistically, stretching of plastic sheet may not necessarily be
linear. This situation was beautifully dealt by Kumaran and
Ramanaiah [6] in their work on boundary layer ﬂuid ﬂow
where, probably ﬁrst time, a general quadratic stretching sheet
has been assumed. Recently, various aspects of such problem
have been investigated by many authors such as Xu and Liao
[7], Cortell [8,9], Hayat et al. [10] and Hayat and Sajid [11].
Ali [12] has investigated the thermal boundary layer ﬂow by
considering the nonlinear stretching surface. A few years later,tion and hosting by ElsevierB.V. All rights reserved.
Nomenclature
M magnetic parameter
Pr Prandtl number
S suction/injection parameter
St stratiﬁcation parameter
T temperature of the ﬂuid
Tw(x) prescribed surface temperature
T1(x) variable free-stream temperature
u, t components of velocity in x and y directions
Greek symbols
g similarity variable
j the coefﬁcient of thermal conductivity
l dynamic viscosity
m kinematic viscosity
w stream function
q density of the ﬂuid
h non-dimensional temperature
260 S. MukhopadhyayMagyari and Keller [13] also focused on heat and mass transfer
on boundary layer ﬂow due to an exponentially continuous
stretching sheet.
Extension to that, Elbashbeshy [14] added new dimension
to the study of Ali [12] on exponentially continuous stretching
surface. Vajravelu [15] and Vajravelu and Cannon [16] also
considered the ﬂow over a nonlinear stretching sheet. Khan
[17] and Sanjayanand and Khan [18] studied the viscous-elastic
boundary layer ﬂow and heat transfer due to an exponentially
stretching sheet. Later, Sajid and Hayat [19] considered the
inﬂuence of thermal radiation on the boundary layer ﬂow
due to an exponentially stretching sheet by solving the problem
analytically via homotopy analysis method (HAM). Recently,
Bidin and Nazar [20] analysed the effect of thermal radiation
on the steady laminar two-dimensional boundary layer ﬂow
and heat transfer over an exponentially stretching sheet, which
has been solved analytically by Sajid and Hayat [19]. Akyildiz
et al. [21] consider the velocity u= cxn at y= 0, which was
employed for positive odd integer values of n. It is clear that
such a proﬁle would fail for even integer values of n, as the
ﬂow at y= 0 would be in the wrong direction in the case of
1< x< 0 (see Van Gorder and Vajravelu [22]). With the
help of the modiﬁcation provided in Van Gorder and
Vajravelu [22], one can account for any values of nP 1, even
non-integers. Pal [23] reported mixed convection ﬂow past an
exponentially stretching surface in the presence of a magnetic
ﬁeld. Nadeem et al. [24] addressed the ﬂow of Jeffrey ﬂuid
and heat transfer past an exponentially stretching sheet. Ishak
[25] discussed the combined effects of magnetic ﬁeld and ther-
mal radiation on ﬂow and heat transfer over an exponentially
stretching sheet. Sahoo and Poncet [26] addressed the ﬂow of
third grade ﬂuid past an exponentially stretching sheet with
slip condition. Recently, Mukhopadhyay and Gorla [27] ana-
lysed the effects of partial slip on ﬂow past an exponentially
stretching sheet. Bhattacharyya [28] discussed the mass trans-
fer in case of boundary layer ﬂow over an exponentially
stretching sheet with an exponentially moving free stream in
a reactive species.
Suction/injection (blowing) of a ﬂuid through the bounding
surface can signiﬁcantly change the ﬂow ﬁeld. In general, suc-
tion tends to increase the skin friction, whereas injection acts in
the opposite manner. The process of suction/blowing has also
its importance in many engineering activities such as in the de-
sign of thrust bearing and radial diffusers, and thermal oil
recovery [29]. Suction is applied to chemical processes to re-
move reactants [30].
The ﬂow due to a heated surface immersed in a stable strat-
iﬁed viscous ﬂuid has been investigated experimentally andanalytically in several studies such as Yang et al. [31], Jaluria
and Gebhart [32] and Chen and Eichhorn [33]. Thermal strat-
iﬁcation may arise when there is a continuous discharge of the
thermal boundary layer into the medium, for example, a
heated vertical surface embedded in a porous bed which is of
limited extent in the direction of the plate. In such case, the
thermal boundary layer eventually hits the ceiling, and at that
point, it falls horizontally into the medium since it contains
hotter ﬂuid than the rest of the medium (hotter ﬂuid is lighter
than the colder ﬂuid) [34]. However, convective ﬂow in a strat-
iﬁed media has not received much attention.
The study of magneto-hydrodynamic (MHD) ﬂow of an
electrically conducting ﬂuid is of considerable interest in mod-
ern metallurgical and metal-working processes. The process of
fusing of metals in an electrical furnace by applying a magnetic
ﬁeld and the process of cooling of the ﬁrst wall inside a nuclear
reactor containment vessel where the hot plasma is isolated
from the wall by applying a magnetic ﬁeld are some examples
of such ﬁelds [35]. In controlling momentum and heat transfers
in the boundary layer ﬂow of different ﬂuids over a stretching
sheet, applied magnetic ﬁeld may play an important role [36].
Kumaran et al. [37] reported that magnetic ﬁeld makes the
streamlines steeper which results the boundary layer thinner.
The purpose of this present work is to extend the ﬂow and
heat transfer analysis in boundary layer over an exponentially
stretching sheet embedded in a stratiﬁed medium. Using suit-
able transformations, a third order ordinary differential equa-
tion corresponding to the momentum equation and a second
order differential equation corresponding to the heat equation
are derived. Using shooting method, numerical calculations up
to desired level of accuracy were carried out for different val-
ues of dimensionless parameters of the problem under consid-
eration for the purpose of illustrating the results graphically.
The analysis of the results obtained shows that the ﬂow ﬁeld
is inﬂuenced appreciably by the stratiﬁcation parameter in
presence of suction at the wall. Estimation of heat transfer
coefﬁcient which is very important from the industrial applica-
tion point of view is also presented in this analysis. It is hoped
that the results obtained will not only provide useful informa-
tion for applications, but also serve as a complement to the
previous studies.
2. Mathematical model
Consider the ﬂow of an incompressible viscous electrically con-
ducting ﬂuid past a ﬂat heated sheet coinciding with the plane
y = 0. The ﬂow is conﬁned to y > 0. Two equal and opposite
forces are applied along the x-axis, so that the wall is stretched
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Figure 1 Sketch of the physical problem.
MHD boundary layer ﬂow and heat transfer 261keeping the origin ﬁxed (see Fig. 1). A variable magnetic ﬁeld
BðxÞ ¼ B0e x2L is applied normal to the sheet, B0 being a con-
stant [25]. The sheet is of temperature Tw(x) and is embedded
in a thermally stratiﬁed medium of variable ambient tempera-
ture T1(x) where Tw(x) > T1(x). It is assumed that
TwðxÞ ¼ T0 þ be x2L, T1ðxÞ ¼ T0 þ ce x2L where T0 is the reference
temperature, b> 0, cP 0 are constants.
The continuity, momentum, and energy equations govern-
ing such type of ﬂow are written as
@u
@x
þ @t
@y
¼ 0 ð1Þ
u
@u
@x
þ t @u
@y
¼ m @
2u
@y2
 rB
2
q
u ð2Þ
u
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@x
þ t @T
@y
¼ j
qcp
@2T
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ð3Þ
where u and t are the components of velocity respectively in
the x and y directions, m ¼ lq is kinematic viscosity, q is ﬂuid
density, l is coefﬁcient of ﬂuid viscosity, cp is speciﬁc heat at
constant pressure and j is the thermal conductivity of the ﬂuid.
Detail about the horizontally stratiﬁed medium can be found
in the work of Nielsen and Balling [38].
2.1. Boundary conditions
The appropriate boundary conditions for the problem are gi-
ven by
u ¼ U; t ¼ VðxÞ; T ¼ TwðxÞ at y ¼ 0 ð4aÞ
u! 0; T ¼ T1ðxÞ as y!1 ð4bÞ
here U ¼ U0exL is the stretching velocity, U0 is reference veloc-
ity, V(x) > 0 is velocity of suction and V(x) < 0 is velocity of
blowing, VðxÞ ¼ V0e x2L, a special type of velocity at the wall is
considered. V0 is the initial strength of suction.
2.2. Method of solution
Introducing the suitable transformations asg ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
U0
2mL
r
e
x
2Ly; u ¼ U0exLf0ðgÞ
t ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃ
mU0
2L
r
e
x
2LffðgÞ þ gf0ðgÞg; T T1
Tw  T0 ¼ hðgÞ
ð5Þ
and upon substitution of (5) in Eqs. (2) and (3), the governing
equations transform to
f000 þ ff00  2f02 Mf0 ¼ 0 ð6Þ
h00 þ Prðfh0  f0hÞ  PrSt f0 ¼ 0 ð7Þ
and the boundary conditions take the following form:
f0 ¼ 1; f ¼ S; h ¼ 1 St at g ¼ 0 ð8Þ
and
f0 ! 0; h ! 0 as g !1 ð9Þ
where the prime denotes differentiation with respect to
g;M ¼ 2rB20LqU0 is the magnetic parameter, S ¼
V0ﬃﬃﬃﬃﬃ
U0m
2L
p > 0 (or <0)
is the suction (or blowing) parameter, St = c/b is the stratiﬁca-
tion parameter and Pr ¼ lcpj is the Prandtl number. St > 0 im-
plies a stably stratiﬁed environment, while St= 0 corresponds
to an unstratiﬁed environment.
3. Numerical method for solution
The above Eqs. (6) and (7) along with the boundary conditions
are solved by converting them to an initial value problem. We
set
f0 ¼ z; z0 ¼ p; p0 ¼ ½2z2 þMz fp ð10Þ
h0 ¼ q; q0 ¼ Prðfq zhÞ þ PrStz ð11Þ
with the boundary conditions
fð0Þ ¼ S; f0ð0Þ ¼ 1; hð0Þ ¼ 1 St: ð12Þ
In order to integrate (10) and (11) as an initial value problem,
one requires a value for p(0), that is, f00(0) and q(0), that is, h0(0)
but no such values are given at the boundary. The suitable
guess values for f00(0) and h0(0) are chosen and then integration
is carried out. Comparing the calculated values for f0 and h at
g= 10 (say) with the given boundary conditions f0(10) = 0
and h(10) = 0 and adjusting the estimated values, f00(0) and
h0(0), we apply the fourth order classical Runge–Kutta method
with step-size h= 0.01. The above procedure is repeated until
we get the converged results within a tolerance limit of 105.
4. Results and discussion
In order to analyse the results, numerical computation has
been carried out using the method described in the previous
section for various values of suction parameter (S), stratiﬁca-
tion parameter (St), magnetic parameter (M) and Prandtl
number (Pr). For illustrations of the results, numerical values
are plotted in Figs. 2a–5.
For the veriﬁcation of accuracy of the applied numerical
scheme, a comparison of the present results corresponding to
the values of heat transfer coefﬁcient [h0(0)] for St = 0 and
S = 0 (i.e. in absence of thermal stratiﬁcation and suction)
with the available published results of Bidin and Nazar [20]
Figure 2a Variation of horizontal velocity f0(g) with g for several
values of suction parameter S.
Figure 2b Variation of shear stress f00(g) with g for several values
of suction parameter S.
Figure 2c Variation of temperature h(g) with g for several values
of suction parameter S.
Figure 2d Variation of temperature gradient h0(g) with g for
several values of suction parameter S.
Figure 3 Variation of horizontal velocity f00(g) with g for several
values of magnetic parameter M.
Figure 4a Variation of temperature h(g) with g for several values
of thermal stratiﬁcation parameter St in the absence of suction.
262 S. Mukhopadhyayin the absence of Eckert number (E) and thermal radiation (K)
is made and presented in Table 1. The results are found in
excellent agreement.
Figs. 2a and 2b depict the effects of suction parameter S on
velocity and shear stress proﬁles, respectively, for exponen-
tially stretching sheet. It is observed that velocity decreasessigniﬁcantly with increasing suction parameter (Fig. 2a). From
Fig. 2b, it is very clear that the shear stress decreases initially
with the suction parameter S, but shear stress increases
signiﬁcantly after a certain distance g from the sheet. It is ob-
served that, when the wall suction (S > 0) is considered, this
causes a decrease in the boundary layer thickness and the
Figure 4b Variation of temperature h(g) with g for several values
of thermal stratiﬁcation parameter St in presence of suction.
Figure 4c Variation of temperature gradient h0(g) with g for
several values of thermal stratiﬁcation parameter St in the absence
of suction.
Figure 4d Variation of temperature gradient h0(g) with g for
several values of thermal stratiﬁcation parameter St in presence of
suction.
Figure 5 Heat transfer coefﬁcient h0(0) against stratiﬁcation
parameter St for two values of suction parameter S.
MHD boundary layer ﬂow and heat transfer 263velocity ﬁeld is reduced. S = 0 represents the case of
non-porous stretching sheet.
Figs. 2c and 2d represent the temperature and temperature
gradient proﬁles for variable suction parameter S. It is seenthat temperature decreases with increasing suction parameter
(Fig. 2c). The temperature gradient decreases initially with
the suction parameter S, but it increases after a certain distance
g from the sheet. Far away from the wall, such feature is
smeared out Fig. 2d. Thus, suction at the surface has a ten-
dency to reduce both the hydrodynamic and thermal boundary
layer thicknesses.
Fig. 3 represents the velocity proﬁles for the variation of
magnetic parameter M. With increasing values of M, ﬂuid
velocity is found to decrease. Actually, rate of transport de-
creases with the increase in M because the Lorentz force which
opposes the motion of ﬂuid increases with the increase in M.
Next, we present the effects of thermal stratiﬁcation param-
eter (St) on temperature and temperature gradient proﬁles in
the absence and presence of suction at the boundary. Temper-
ature proﬁles h(g) for different values of the stratiﬁcation
parameter (St) in the absence of suction (Fig. 4a) and presence
of suction (Fig. 4b) are presented. Figs. 4c and 4d are respec-
tively the graphical representations of temperature gradient
proﬁles h0(g) for several values of stratiﬁcation parameter for
non-porous (for S = 0) and porous (for S > 0) sheet. It is
found that the temperature decreases as the stratiﬁcation
parameter St increases (Figs. 4a and 4b). This is quite obvious.
Since increase in St means increase in free-stream temperature
or decrease in surface temperature. Thermal boundary layer
thickness is therefore also decreased with an increase in St val-
ues. Proﬁles all decay from the maximum value at the wall to
zero in the free stream, that is, converge at the outer edge of
the boundary layer.
The temperature gradient increases considerably with an in-
crease in stratiﬁcation, St for both cases (Figs. 4c and 4d).
Fig. 5 exhibits the nature of heat transfer coefﬁcient [h0(0)]
with stratiﬁcation parameter St for two values of suction
parameter S. It is very clear that heat transfer increases with
stratiﬁcation parameter St but decreases with suction. Initially,
h0(0) is negative but ﬁnally it becomes positive for S = 1 but
h0(0) is almost positive for S = 0.1. Negative value of h0(0)
indicates that heat is transferred from the ﬂuid to the stretch-
ing surface in spite of the excess of surface temperature over
that of the free-stream ﬂuid. This phenomenon can be
explained as: a ﬂuid particle heated to nearly the wall temper-
ature moves downstream to a location where the wall temper-
ature is lower.
Table 1 Values of NuxRe
1=2
x ¼ h0ð0Þ for several values of
Prandtl number Pr.
Pr Bidin and Nazar [20]
with E= 0= K
Present study
with St = 0 = S=M
1 0.9547 0.9547
2 1.4714 1.4714
3 1.8961 1.8961
264 S. MukhopadhyayRate of heat transfer increases with Prandtl number (Ta-
ble 1). An increase in Prandtl number reduces the thermal
boundary layer thickness. Prandtl number signiﬁes the ratio
of momentum diffusivity to thermal diffusivity. Fluids with
lower Prandtl number will possess higher thermal conductivi-
ties (and thicker thermal boundary layer structures), so that
heat can diffuse from the sheet faster than for higher Pr ﬂuids
(thinner boundary layers).
But stratiﬁcation parameter and Prandtl number have no
effects on skin-friction coefﬁcient as the momentum boundary
layer equation is independent of h.
5. Conclusions
The present study gives the numerical solutions for steady
MHD boundary layer ﬂow and heat transfer over an exponen-
tially stretching surface embedded in a thermally stratiﬁed
medium in presence of suction. The effect of suction as well
as magnetic parameter on a viscous incompressible ﬂuid is to
suppress the velocity ﬁeld which in turn causes the enhance-
ment of the skin-friction coefﬁcient. Rate of transport is re-
duced with the increasing magnetic ﬁeld. The temperature
decreases with increasing values of the stratiﬁcation parameter.Acknowledgments
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